A dense neutrino gas, such as the one anticipated in the supernova environment, can experience fast neutrino flavor conversions on scales much shorter than those expected in vacuum probably provided that the angular distributions of νe andνe cross each other. We perform a detailed investigation of the neutrino angular distributions obtained by solving the Boltzmann equations for fixed matter profiles of some representative snapshots during the post-bounce phase of core-collapse supernovae in multidimensional calculations of an 11.2M and a 27M progenitor models. Although the 11.2M model features νe −νe angular crossings and the associated fast modes at different time snapshots, the 27M model does not show any crossings within the decoupling region. We show that this can be understood by studying the multipole components of the neutrino distributions. In fact, there is a higher chance for the occurrence of νe −νe angular crossings for the zones where the multipole components of the neutrino distributions are strong enough. We also show that there can exist more than one crossings between the angular distributions of νe andνe. In addition, apart from the crossings within the neutrino decoupling region, there is a class of νe −νe angular crossings which appears very deep inside the proto-neutron star.
I. INTRODUCTION
A massive star with a mass larger than 8 − 10 M can end its life in a core-collapse supernova (CCSN) explosion [1] . During this process, a huge amount of energy is released of which almost 99% is in the form of neutrinos of all flavors. Although an infinitesimal fraction of the released energy is in the form of electromagnetic radiation, only ∼ 0.01%, it is already enough to allow a CCSN to outshine its host galaxy.
Neutrinos can experience flavor oscillations as they propagate. Neutrino oscillations can, at least in principle, notably impact the physics of CCSNe. Firstly, it can affect the heavy elements nucleosynthesis occurring in the SN environment by modifying the n/p ratio through the weak reactionsν e + p n + e + and ν e + n p + e − [2] . Neutrino oscillations can modify the ν e andν e spectra which in turn modifies the rate of these reactions.
Moreover, the SN dynamics can also be affected by neutrino oscillations. Although the mechanism of the explosion is not well-understood yet, a popular mechanism proposed in the late 1980s is the so-called delayed explosion mechanism in which the explosion is aided by absorbing a fraction of the energy of neutrinos emitted from the SN core [3] [4] [5] . Likewise, neutrino oscillations can modify the neutrino energy deposition by changing ν e andν e spectra.
Finally, to confront theory with observations, predictions of the neutrino fluxes and spectra are crucial for future observations of CCSNe neutrino signals and the measurement of the neutrino diffuse background [6] [7] [8] [9] [10] [11] .
The phenomenon of neutrino oscillations in dense neutrino media, such as the one expected in the SN environment, is remarkably different from the one in vacuum and matter. Neutrinos can experience collective flavor evolu-tion in a dense neutrino gas owing to the fact that the coherent forward scattering by the background neutrino gas can now play a role in neutrino evolution because of the large neutrino number densities [12] [13] [14] [15] [16] .
Most of the initial understanding of neutrino flavor evolution in the SN environment was based on the stationary spherically symmetric neutrino bulb model [13] in which neutrinos are emitted isotropically from the surface of the neutrinosphere. The salient feature of the results obtained in this model is the existence of the flavor swapping phenomenon in which ν e (ν e ) exchanges its spectra with ν x (ν x ) for a range of neutrino energies [14, 15, [17] [18] [19] [20] . This is indeed a consequence of collective neutrino oscillations in the SN environment.
However, neutrinos could also undergo the so-called fast flavor conversions on scales as short as a few cm in the densest regions of the SN core [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . Unlike the traditional collective modes which occur on scales determined by the neutrino vacuum frequency ω = ∆m 2 /2E (∼ O(1) km for a 10 MeV neutrino and atmospheric mass splitting), fast modes occur on scales ∼ G −1 F n −1 ν with n ν and G F being the neutrino number density and the Fermi coupling constant, respectively. It is believed that a necessary condition for the occurrence of fast modes is the presence of crossing(s) in the angular distribution of electron lepton number carried by neutrinos (ELN) [24, 26, 28, 29] . It has been shown that in the presence of ELN crossings, fast modes can arise due to the merging of two non-collective modes [33] and G F n ν can play the role of ω which in turn allows for the existence of flavor conversion modes on relatively short scales [29] .
Fast modes, if exist, can remarkably influence the physics of CCSNe. On the one hand, they can lead to neutrino flavor conversions within the SN zones that have long been thought to be the realm of scattering processes (occurring on scales ∼ G −2 F E −2 n −1 B with n B being the baryon number density) [31, 37] . On the other hand, they can result in flavor conversions close to the surface of the proto-neutron star (PNS) where it can be more influential. This is important since (if fast modes are absent) calculations have shown so far that significant neutrino flavor conversions are not likely to occur close to the surface of the PNS, in spite of the existence of flavor instabilities therein [38] [39] [40] [41] [42] . In fact, the unstable modes can turn stable before growing significantly due to the rapid variations of the physical conditions during the neutrino propagation [39, 43] . However, fast modes can change this picture by occurring on short enough scales and therefore not being bothered by the rapid variations of the physical conditions.
Although such ELN crossings were not considered in the bulb model calculations (neutrinos were assumed to be emitted isotropically from the surface of a single sharp neutrinosphere), they are speculated to exist in realistic SN models. This simply arises from the fact that ν e and ν e decouple at different radii. Thus, one might simply expect that ELN crossings should be unavoidable in the SN environment [22, 23] .
Nevertheless, one-dimensional SN simulations have not shown such ELN crossings during the early stages of CCSNe within the shock region [44, 45] (note, however, that they might still exist in the pre-shock SN region [46] ). Although the angular distributions ofν e 's are normally more peaked than that of ν e 's in the forward direction, the large difference between the number densities of ν e andν e hinders the occurrence of ELN crossings. However, this story can be changed in multidimensional (multi-D) SN models. Indeed, recent multi-D SN simulations have shown that the neutrino distributions can be highly asymmetric in the presence of lepton-emission self-sustained asymmetry (LESA) [47] [48] [49] [50] [51] [52] [53] [54] [55] . Such asymmetric neutrino distributions can significantly help increasing the chance of the occurrence of ELN crossings by providing SN zones with smaller difference between nν e and n νe [56] .
However, most of the state-of-the-art multi-D SN simulations do not provide such detailed angular information of neutrinos due to the simplifications made in the neutrino transport. SN simulations in which full neutrino angular distributions are available have become accessible just recently [57] [58] [59] . The first investigation of the occurrence of ELN crossings in multi-D SN models was reported in Ref. [56] in which the Boltzmann equations were solved for a number of fixed SN matter profiles and a number of ELN crossings and the associated fast modes were found in both 2D and 3D calculations of an 11.2M progenitor model. Subsequently, the results of a self-consistent 2D SN simulation (solving the Boltzmann equations and hydrodynamics simultaneously) were reported in which ELN crossings were not observed for the selected few spatial points [60] . Although both of the computations were performed for an 11.2M progenitor model, the employed equations of state (EOS) were dif-ferent. This can have profound consequences for the occurrence of ELN crossings, as will be discussed in this paper.
In this study, we explore the neutrino angular distributions obtained by solving the Boltzmann equations for several fixed SN matter profiles which are representative snapshots taken from multi-D SN simulations. Following our previous study [56] , we present a more detailed investigation of the ELN crossings in an 11.2M progenitor model. Furthermore, we present and analyse our results of the calculations of a 27M progenitor models in which no ELN crossings within/above the neutrino decoupling region were observed (Sec. III). We also discuss the possibility of the existence of a class of ELN crossings in very deep regions well inside the PNS (Sec. IV) 1 . By performing linear stability analysis (Sec. II), we show that fast modes associated with the ELN crossings can lead to flavor conversion rates as large as several e-folds per nanosecond (Sec. III).
II. LINEAR STABILITY ANALYSIS.-
The state of a neutrino traveling with momentum p can be specified by its flavor density matrix p (t, x) [63] at each time t and point x, and its flavor evolution in the absence of the collision term is governed by the Liouville-Von Neumann mean-field equation of motion [63] [64] [65] [66] [67] 
with v being the neutrino velocity which in the spherical coordinate can be defined as v = (sin θ ν cos φ ν , sin θ ν sin φ ν , cos θ ν ) for a neutrino with emission angles (θ ν , φ ν ). Also, H p = H vac + H mat + H νν,p is the total Hamiltonian where, in the two-flavour scenario,
with η = +1(−1) for the inverted (normal) mass ordering and λ = √ 2G F n e with n e being the electron number density [68, 69] , where it is assumed that θ v 1 and strong matter currents are absent. Finally,
is the contribution from neutrino-neutrino refraction [70] [71] [72] . Here, the flavor density matrices can be written as [73] =
where S and s are some complex and real quantities, respectively, and f ν is the (prior to oscillation) neutrino occupation numbers, so that the neutrino number and flux densities are
respectively. Likewise,ν quantities can be defined with respect to fν e and fν x .
In the presence of fast modes, Eq. (1) turns out to be approximately blind to the neutrino energy (at least in the linear regime). Thus, one can set ω = 0 and drop the energy dependency of and integrate over the neutrino energy. It then proves to be useful to define the neutrino electron lepton number (ELN) as [24] G
assuming f νx (p) = fν x (p). One can then linearise Eq. (1) by keeping the terms of order O(|S v |) or larger [24, 73, 74] ,
Because Eq. (8) is linear in S v , it has the normal solutions of the form
Collective neutrino oscillations can then lead to significant flavor conversions if there exist solutions with complex Ω or/and K. Furthermore, if the neutrino and antineutrino distributions possess axial symmetry, it is convenient to integrate neutrino quantities over φ ν and work with φ ν -integrated quantities:
and
To study fast modes in the SN environment, we then assumed a homogenous neutrino gas at each SN zone for which we adopted the local angular distributions from the SN model. This could be justified by the fact that fast modes are expected to occur on scales much smaller than that of the SN core. Thus, one can safely ignore the global geometry of the core and focus on the local physics of the problem. However, this approximation is valid as long as the neutrino instabilities occur on scales well inside the considered SN zone.
It should be noted that a significant amount of backward traveling neutrinos within the neutrino decoupling region leads to the existence of spatial fast instabilities even without ELN crossings [24, 26, 29] . However, to have growing instabilities, the existence of temporal instability with complex Ω is necessary [26, 75] . Therefore, one can focus on the temporal modes having in mind that the spatial instabilities are only important to determine the absolute or convective nature of the growing instabilities [76] .
III. OCCURENCE OF ELN CROSSINGS IN MULTI-D SN MODELS
The neutrino distributions in this study were obtained by the calculations of neutrino transport for the fixed backgrounds (density, temperature and electron fraction) of 2D/3D matter profiles in the supernova core. The time evolution of the neutrino distributions was followed until a stationary state for the neutrino quantities was reached.
The Boltzmann equation was solved directly in the full phase space to obtain the neutrino energy and angle distributions. The multi-angle multi-energy neutrino transport in 2D/3D space was carried out by using the S n method and the time evolution was handled by the time implicit method. Further details of our numerical method can be found in Refs. [57, 58] .
In the neutrino transport, three neutrino species, namely, ν e ,ν e and ν x were handled where ν x represents ν µ and ν τ and their anti-particles. The microphysics used in the evaluation of the neutrino transport is the same as the one in Refs. [56, 58] where the neutrino reaction rates for emission, absorption, scattering and pair processes were taken mostly from Ref. [77] and its extensions. In addition, the Lattimer & Swesty EOS [78] was used to be consistent with the original supernova simulations. We adopted multi-D supernova profiles of the two progenitor models of an 11.2M (both 2D and 3D) and a 27M (only 3D) [58, 79, 80] . The spatial resolutions of the Boltzmann calculations were set to be (256, 64, 1) and (256, 64, 32) for the numbers of spatial zones (N r , N Θ , N Φ ) in spherical coordinates for the 2D and 3D models, respectively, where a maximum radius of 2613 km from the original simulations was reached. For the neutrino momentum space, a resolution of (14, 6, 12) was employed for (N Eν , N θν , N φν ) in both 2D and 3D calculations. In addition, to examine the angular convergence of the calculations, we performed a similar neutrino transport calculations with a higher resolution of N θν = 36 for the snapshots of the 2D 11.2M progenitor model at For the 11.2M progenitor model, three representative snapshots at t = 100, 150 and 200 ms from the original 2D and 3D simulations were selected for which the Boltzmann equations were solved. As mentioned in Ref. [56] , ELN crossings within/above the decoupling region were only observed in the snapshot at t = 200 ms in the 2D calculations whereas they were found in all of the time snapshots in the 3D calculations. For instance, in the snapshot at t = 200 ms, the ELN crossings above the neutrinosphere appear first at r 46 km within a relatively narrow region in the southern hemisphere ( Fig. 1 ). As the radius increases, the crossings zone expands initially because the neutrino distributions get more peaked in the forward direction. However, it gets narrower again at larger radii and disappears at r ∼ 200 km. As will be discussed later, this disappearance of the ELN crossings could be an artificial result of the limited angular resolution of the neutrino transport calculations.
As pointed out in Ref. [56] , the ELN crossings zones appear to be correlated with the zones where the ν e -ν e asymmetry parameter,
is close to 1. This, indeed, is not coincidental and can be understood as follows. In the SN environment, the angular distribution ofν e is normally more peaked in the forward direction than that of ν e because they decouple at smaller radii. One then might be tempted to assume that the occurrence of ELN crossings in CCSNe is inevitable. However, if the ν e -ν e asymmetry is large, the occurrence of ELN crossings could be remarkably suppressed. In fact, a larger ν e -ν e asymmetry means a more separated ν e andν e angular distributions and therefore, less chance for the occurrence of ELN crossings. Thus, ELN crossings are more likely to occur within the zones with small ν e -ν e asymmetries (α close to 1). The pattern in α (and the neutrino distributions) is obviously (anti)correlated with a similar pattern in the electron fraction Y e (Fig. 1 ). Fig. 2 shows that it first appears very deep inside the PNS. As pointed out in Ref. [47] , in the case of LESA convectional flows in the PNS could generate asymmetries in the neutrino fluxes. In our 3D models, the pattern in Y e shows up first at r ∼ 11 km and becomes more distinct at larger radii. The pattern in Y e can then be associated with a similar pattern in α because more (less) ν e 's (ν e 's) are emitted where Y e is larger.
For the 27M progenitor model, three representative snapshots at t = 150, 200 and 250 ms from the original 3D simulations were selected. In contrast to the case of the 11.2M progenitor model, no ELN crossings above the neutrinosphere were found in this case. A few representative Mollweide projections of α at different radii (corresponding to the ones in Fig. 1 for the 11.2M progenitor model) are plotted in Fig. 3 . Although it shows some slight spatial variations, the value of α within/above the neutrino decoupling region is always much smaller than one in this model which in turn provides a little chance for the occurrence of ELN crossings.
During the early stages of a CCSN, (the average of) α tends to be relatively small. This can seriously hinder the occurrence of ELN crossings in the SN environment. In particular, no ELN crossings within the shock region have been found in 1D SN models so far [44, 45] except in the pre-shock SN region [46] . However, the situation can be different in multi-D SN models where the neutrino distributions can be spatially asymmetric due to multi-D hydrodynamics. In fact, although the average value of α is thought to be similar in 1D and multi-D SN models, the existence of multipole structures in α in the latter can allow for regions with large α's which increases the chance for the occurrence of ELN crossings. Fig. 4 presents the l = 0, 1, 2 multipole components of the spherical harmonics decomposition of α, defined as
As one can see, both the 2D and the 3D 11.2M progenitor models show strong dipole and quadrupole components in α. On the other hand these are weak in the 27M progenitor model, except for a small region inside the PNS where ELN crossings exist (see Sec. IV). This provides an explanation on why there is no ELN crossings within/above the neutrino decoupling region for this model. Furthermore, while in the 2D calculations the dipole component is dominant in all of the snapshots, it is the quadrupole term that is stronger, at least at smaller radii, in all of the 3D snapshots.
A few representative φ ν -integrated angular distributions of ν e ,ν e and the corresponding ELN (Eqs. (10) and (11)) are presented in (expectedly) to capture the angular structures at small emission angles. In fact, as the radius gets larger, the ELN crossings get narrower because the neutrino angular distributions become more forward peaked. Therefore, higher angular resolution is needed to capture them. This implies that the disappearance of the ELN crossings at larger radii could be an artefact of the low angular resolution of the neutrino transport calculations. The average neutrino quantities are in much better agreement between the two calculations with different resolutions, the values of n ν and α differing at most by 2 − 3 %.
Moreover, we noticed that there are cases where the ELN distributions exhibit two crossings. This phenomenon seemingly occurs at larger radii where the neutrino angular distributions are highly peaked in the forward direction. As shown in Fig. 5 , at r = 135 km there is a first shallow crossing at negative values of cos θ ν and a second one at cos θ ν 1.
Besides the analysis of the neutrino angular distributions, we performed a linear stability analysis and solved Eq. (8) to find the growth rates of the unstable modes (Eq. (9)) at each spatial zone. The calculations assume axial symmetry for the neutrino gas. In fact, the neutrino angular distributions
are highly symmetric in φ ν at all of the spatial zones for which ELN crossings were observed, as illustrated by Fig. 6 . Overall, the deviation from axial symmetry in the zones with ELN crossings turns out to be smaller than a few percent in both 2D and 3D models. However, one should keep in mind that this can be changed for rotating models where the angular distributions can be quite asymmetric in φ ν [81] . As mentioned earlier, the temporal instability is necessary to have growing perturbations. The complex eigenvalues associated with the temporal fast modes are plotted in Fig. 5 . The corresponding exponential growth rates can be as large as several e-folds per nanoseconds and tend to be larger for the wider ELN crossings.
Our results suggest that even the more accessible calculations with low angular resolution might provide a quite reliable estimate of the presence of ELN crossings and correspondingly fast modes. This is corroborated by the fact that we did not find false ELN crossings in the calculations with lower angular resolution and the associated instability growth rates provided a reasonable estimate of the results based on higher angular resolution. Obviously, one cannot exclude that in a dynamic self-consistent CCSN simulation, the prompt convection might be more suppressed if the angular resolution is too low [59] .
IV. ELN CROSSINGS INSIDE THE PNS
Apart from the ELN crossings occurring within/above the decoupling region of neutrinos, there is another class of ELN crossings that can appear in deep regions inside the PNS. In our calculations, such ELN crossings exist at radii in the range 20 − 28 km.
For the 2D 11.2M progenitor model, only two ELN crossings at ∼ 25 km exist in the snapshot at t = 100 ms, while they appear in all 3D snapshots. As for the 27M progenitor model, the ELN deep crossings are present in the t = 150 and 200 ms snapshots (Fig. 7) . Note that there exist no ELN crossings within the decoupling region for this progenitor model.
Since the neutrino angular distributions are significantly isotropic inside the PNS, the deep crossings can only exist if α is extremely close to one, i.e., the ν e andν e angular distributions are very close to each other (Fig. 8) 2 . This explains why they are less abundant than those in the decoupling region. It should be also noted that such ELN crossings do not necessarily occur at cos θ ν 1.
The reason for having SN zones for which α 1 can be understood as follows. As shown in Fig. 9 , the neutrino gas is very non-degenerate (µ ν /T 0) at the ELN crossing points inside the PNS. In fact, the chemical potentials of ν e andν e become similar at these points, i.e., µ νe µν e 0 (µ νe = µ p − µ n + µ e ). This happens because µ p − µ n can almost cancel µ e at these SN zones where Y e is minimum 3 . Thus, a correlation exists between Y e and µ νe . In addition, the temperature has its maximum value at these points. As mentioned in Ref. [53] , this (anti)correlation between Y e and T can be explained by noting that in spite of the asymmetric neutrino distributions, the density and pressure tend to maintain their spherical symmetry. This simply arises from the sphericality of the gravitational potential which mainly governs the variations of these quantities. Therefore, one should expect higher temperatures within the zones where Y e is lower to keep the combination of thermal and electron degeneracy pressures constant (p = p(ρ, T, Y e )). Although the existence of the deep ELN crossings surprisingly allows for the occurrence of fast modes inside the PNS, there are two essential points that should be kept in mind. Firstly, one can indeed observe large flavor conversion rates for all the SN zones where α is extremely close to one, even for those the ELN crossings are absent. For example, in an isotropic homogeneous monoenergetic neutrino gas initially consisting of ν e andν e (bipolar model), for |α − 1| 1, the exponential growth rate governing flavor evolution is [82, 83] 
for η = 1 4 . This implies that even in the bipolar model (in the absence of ELN crossings), there can exist un- at spatial zones where α 1. Such scales can be 1 m (compare with fast modes occuring on scales ∼ G −1 F n −1 ν 10 cm) for these SN zones inside the PNS. This is much shorter than the collisional scales ( O(10 2 ) m) therein. Therefore, having large neutrino flavor conversion rates for non-degenerate SN zones is not unique to fast modes.
Secondly, the neutrino distributions are significantly similar for all neutrino species within these zones meaning that not only n νe nν e n νx (Fig. 8) , but also the energy distributions
are very similar for different neutrino species (Fig. 10) . Consequently, neutrino oscillations should not have significant impact on the flavor content of the neutrino gas.
V. DISCUSSION AND CONCLUSION
To assess the possibility of the occurrence of ELN crossings and the associated fast neutrino flavor conversion modes in the SN environment, we have studied neutrino angular distributions obtained by solving the Boltzmann equations for fixed matter profiles of some representative snapshots during the post-bounce phase of CC-SNe in 2D and 3D for an 11.2M and a 27M (only 3D) progenitor models.
For the 11.2M progenitor model, ELN crossings were observed in both 2D and 3D models. It turns out that they tend to occur within the SN zones where the ν e −ν e asymmetry parameter, α, is very close to one, as in Ref. [56] . Unlike the 1D SN modes in which α is thought to be globally small during the early stages of a CCSN, zones with large α's could exist in multi-D SN models in the presence of a spatially asymmetric neutrino distributions due to multi-D hydrodynamics. The reason is that in spite of having similar average values of α to 1D models, multi-D SN models can feature larger α's in zones where α is significantly larger than its averaged value.
The pattern in α is (anti)correlated with a similar pattern in Y e (and T ) that appears very deep inside the PNS and is thought to be caused by the convectional flows therein. This is closely related to LESA [47] [48] [49] [50] [51] [52] [53] [54] [55] in which strong dipole structure exists in the neutrino distributions which can be preceded by strong higher multipole structures at earlier times. Our study suggests that if the multipole structures (either dipole at later times or higher multipoles at earlier times) are strong enough, they can lead to the existence of zones with significantly large α's and a good chance for the occurrence of ELN crossings. However, at this point in time it is not very clear how the fast modes propagate from these zones to other regions. Note also that such asymmetric structures in α do not necessarily need to come from LESA. In general any significant asymmetry in the neutrino distributions, self-sustained with relatively constant direction (as in LESA) or not, can increase the chance for the occurrence of ELN crossings in the SN environment.
To see how increasing the neutrino angular resolution can affect the occurrence of ELN crossings, we performed calculations with higher angular resolution with N θν = 36 in 2D for our 11.2M progenitor model. It turns out that not only the calculations with lower resolution do not produce any false ELN crossings, but also they can provide a relatively good estimate of the flavor conversion rates in a more reliable calculation with higher angular resolution. This is intriguing since the calculations with higher resolution are barely accessible in multi-D SN models.
For the 27M progenitor model, no ELN crossings within the neutrino decoupling region were found. Although there exists a quadrupole structure in α, it is still too weak to result in the existence of regions with large α's. This comes as no surprise since the evolution of the multipole structures in neutrino emission depends sensitively on a number factors such as the mass of the progenitor, the treatment of neutrino transport and even the employed EOS (see, e.g., Fig. 5 in Ref. [53] ).
We would like to point out that, no ELN crossings were found in a recent self-consistent 2D SN simulations using the Furusawas EOS [84] , as opposed to the Lattimer & Swesty EOS used in our calculations. This result is not inconsistent with the present study nor with Ref. [56] , since convective motion, crucial to the existence and evolution of neutrino distribution asymmetries, are much weaker in the simulations with Furusawas EOS [59] . Therefore, one may expect to observe weaker distribution asymmetries in the simulation with the latter EOS.
Apart from the ELN crossings appearing within/above the neutrino decoupling region, our results show that there exist a class of ELN crossings which can occur in deep regions, well inside the PNS. We observed this sort of ELN crossings in both of the progenitor models we investigated. Because the neutrino angular distributions are extremely isotropic below the neutrinosphere, these ELN crossings can exist only within the zones where α 1.
Needless to say, if ELN crossings and their corresponding fast modes actually occur in the SN environment and lead to significant flavor conversion, they can have profound consequences for the SN physics. 
